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Abstract
It is proved that for a minimal nonsingular projective surface S of general type over an
algebraically closed eld k of characteristic p> 0, every abelian subgroup GAut(S)red with
order prime to p has order  624K2S + 6708, where KS is the canonical divisor of S. c© 2000
Elsevier Science B.V. All rights reserved.
MSC: 14J50
0. Introduction
Throughout this note, k will be an algebraically closed eld of characteristic p> 0.
Recently, the group of automorphisms of a complex projective variety (especially a
surface) of general type has been throughly studied by many authors (cf. [4,14] and
references therein); in this paper we consider the one of a surface of general type
over k.
Let S be a minimal nonsingular projective surface of general type over k, and KS the
canonical divisor of S. It is well-known that Aut(S)red (i.e., the automorphism group
scheme Aut(S) with reduced structure) is nite. Recently, Ballico obtained polynomial
bounds (in terms of K2S ) for the order of nonmodular subgroups (i.e., the subgroup
with order prime to p) and the p-Sylow subgroup of Aut(S)red, with 452 and 6 as the
exponent, respectively [1, Theorem 0:1; 2; Theorem 0:1].
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We recall that, for a complete nonsingular curve C over k, of genus g  2, although
there are no linear bounds (in terms of g) in general for the order of the total auto-
morphism group Aut(C) (cf. [10,11]), there is a linear bound for that of the abelian
subgroup of Aut(C) (cf. [8]). The aim of this note is to give a linear bound on the
order of nonmodular abelian automorphism groups of S over k, in good analogy with
the case of curves. More precisely, our main result is the following.
Theorem A. Let S be a minimal nonsingular projective surface of general type over
an algebraically closed eld k of characteristic p> 0; and KS the canonical divisor
of S. Then every abelian subgroup GAut(S)red with order prime to p has order
 624K2S + 6708.
Remark 1. Taking products of curves, one can easily construct examples with #G
increasing linearly with K2S .
2. A polynomial bound for #G (with 4 as the exponent) has been obtained by the
analysis of the xed point set of G in [1].
By [1, Theorem 1:8] and the above theorem, we get an improvement on [1, Theorem
0:1]:
Corollary. Let S be as in Theorem A. Set x=K2S . Then there is a universal constant
c (independent of p and S) such that every subgroup GAut(S)red with order prime
to p has order #G  cx15=2log (x).
Proof. By [1, Theorem 1:8], one has that #G  cx5(2+1)=2log(x), where  is an inte-
ger such that, there is a universial constant c0; #A<c0x for all abelian nonmodular
subgroups of Aut(S)red. By Theorem A, we have = 1.
The proof of Theorem A is inspired by Xiao’s work on abelian automorphism groups
of complex surfaces of general type [13]. Using Xiao’s technique developed in [13],
we can nd a pencil  in H 0(S; nKS) (for suciently large n independent of S), such
that the general bre F in  is xed under the action of G. Consequently #G is limited
by the order of the group of automorphisms of F .
The main dierence between the case of char. 0 groundeld and the case of char.
p groundeld is: in the case of char. 0 groundeld, F is smooth by Bertini’s theorem,
while in the case of char. p groundeld, F may be singular (even being a singular
rational curve). Hence, an eective estimate on the order of nite abelian subgroup of
Aut(F) must be needed; this will be done in Section 2.
1. Notations and preliminaries
In this section, we recall some notations and Xiao’s technique (with some slight
modications) developed in [13].
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Let X be a projective Gorenstein variety (i.e., the dualizing sheaf !X is invertible,
and X is Cohen{Macaulay) over k. Let G be a nite abelian automorphism group of
X such that its order is prime to p. Denote H 0(X; !⊗nX ) by Hn, and the dimension
of Hn by hn. We consider the natural action of the abelian group G on the space Hn
when hn > 0. By the basic fact of nite group representations, one has that such an
action is diagonalisable, i.e., Hn has a basis s1; : : : ; shn , consiting of G-semi-invariants.
(A section s 2 Hn is said to be G-semi-invariant, if there is a character  :G ! k,
such that (s) = ()s for all  2 G.) Let Di be the Cartier divisor corresponding
to si.
Denition 1.1. We say that Hn is uniquely decomposable under the natural action of
G, if the set fD1; : : : ; Dhng is uniquely determined.
Remark. Let i :G ! k be the character corresponding to si, i.e., (si) = i()si for
all  2 G. Then Hn is uniquely decomposable if and only if i 6= j whenever i 6= j;
or equivalently, if and only if there are exactly hn dierent characters for the natural
action of G on Hn.
Fix the Cartier divisor D1. Denote by P0n the set
fQ-Cartier divisors D on X j 9 m 2 Z+such that mD  mD1g:
Here we denote by  the linear equivalence.
Denote by [D] the element of P0n corresponding to the Q-Cartier divisor D. We
dene addition and scalar multiplication as follows:
[D] + [D0] = [D + D0 − D1];
c[D] = [cD + (1− c)D1]; c 2 Q:
Here we use additive notation for the group operation in Cartier divisor group. Then
P0n is a generally innite-dimensional linear space, with [D1] as the origin.
The subset I in P0n of points corresponding to integral divisors linearly equivalent to
D1 is an additive subgroup, and there is a set of generators of I which form a basis
of P0n . Under such a basis, I is a subset of points with integral coordinates.
Denote by Pn the nite dimensional subspace generated by the set
f[D1]; [D2]; : : : ; [Dhn ]g:
Let n be the nite set in Pn consisting of points corresponding to eective Cartier
divisors in Hn xed by G. Then Pn, therefore n, is uniquely determined up to choices
of D1 only if Hn is uniquely decomposable. We will call the set n a basic set in Pn.
Clearly, Pn depends on the choice of D1; but if we replace D1 by another divisor, say
Di, Pn diers only by an integral translation. Because #n and the number of middle
points of n, which are all the properties about n we use later, are integral translation
invariants, it does not matter which such Di is selected. Also, n is determined up to
integral translations as above i Hn has exactly hn semi-invariants, and thus i there
are hn dierent characters for the action of G on Hn.
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Denition 1.2. Let A be a nite set of points in a linear space P. We dene Amid
the set of mid-points 12 (p + q) of two points p and q in A (p and q may be the
same point; so AAmid). We dene the dimension of A to be the dimension of the
(ane) subspace generated by A.
Proposition 1.3. (i) Let v1; v2 be two semi-invariants in Hn; and p; q the corre-
sponding points in n. Let D be the Cartier divisor in H2n corresponding to the
vector v1 ⊗ v2. Then [ 12D] corresponds to a point in Pn; which is just the mid-point
1
2 (p+ q).
(ii) Suppose that Hn is uniquely decomposable; and let n be the basic set in Pn.
Then H2n contains at least #mid G-semi-invariants.
Proof. (i) Follows from the construction of the Q-linear space Pn.
Since the action of G on Hn is compatible with the natural map
Hn ⊗ Hn ! H2n:
(ii) Follows from (i).
Denition 1.4. Let L be a lattice of a Q-linear space P. We call points in L integral
points. let B be a nite subset of L. The set B is said to be integrally convex, if no
point of L−B is contained in the convex hull of B.
A chain in B is by denition a series of points p1; : : : ; pn in B such that the vectors
pi − pi−1 (i = 2; : : : ; n) are equal. In this case, n is called the length of the chain. If
B is integrally convex and p, q are two points in B, then the integral points on the
line segment joining p and q form a chain in B in an obvious way.
The following two lemmas are slight modications of [13, Lemmas 1, 6].
Lemma 1.5. Let  be a nite set of points in a linear space P; and d the dimension
of . Then for any integer d0  d; we have
#mid  (d0 + 1)

#− d
0
2

:
Proof. See [13, Lemma 1].
Lemma 1.6. Let  be an integrally convex set of dimension 3. Suppose that the
length of the longest chain in  is less than 14#. Then
#mid  92#− 37:
Proof. Let a  2 be an integer. A slight modication of [13, Lemma 6] shows that
mid has at least (5−1=a)#− (20a−3) points, provided that the length of the longest
chain in  is less than 1=2a#. Set a= 2, we get the result.
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Lemma 1.7. Let n be a basic set in Pn. Then
(i) The set n is integrally convex with respect to the lattice L consisting of
points corresponding to eective Cartier divisors linearly equivalent to !⊗nX .
(ii) Suppose that Pn is uniquely decomposable; and let d be the dimension of n.
Then d  dim X + 1; provided that the rational map associated to !⊗nX is birational.
Proof. (i) See [13, Lemma 3].
(ii) By hypothesis, we have that the basic set
n = f[D1]; [D2]; : : : ; [Dhn ]g;
where Di is as in (1:1). We can suppose that [D1] is the origin of Pn, and we can nd
d points, say [D2]; : : : ; [Dd] and [Dd+1], in n, such that
(a) [D2]; : : : ; [Dd+1] generate the additive group L, and
(b) for each [Dj] (j>d+ 1); we have [Dj] =
Pd+1
i=2 aji[Di] with aji 2 Z+.
By (b) we have
Dj +
 
d+1X
i=2
aji − 1
!
D1 =
d+1X
i=2
ajiDi
for j>d+ 1, that is,
vj ⊗ v
⊗
(Pd+1
i=2
aji−1

1 = j ⊗d+1i=2 vajii for some j 2 C; j >d+ 1: (1)
Let n = [v1 : v2 :    : vhn ] be the n-canonical map, and [x1 : x2 :    : xhn ]
be the homogeneous coordinaries of Phn−1. Let V be the variety in Phn−1 dened by
equations(
xjx
(Pd+1
i=2
aji−1

1 = j
d+1Y
i=2
xajii ; j >d+ 1
)
:
It is easy to verify that V is birationally equivalent to Pd. By (1), we have that
n(X )V . Since n :X7n(X )Phn−1 is birational by hypothesis, we have that
d= dim V > dim X .
2. The abelian automorphism group of a singular curve
It is well known that for a nonsingular complete curve over k, of genus g  2, its
abelian automorphism group is of order  4g + 4 (cf. [8]). In this section we give a
rough estimate for the order of the abelian automorphism group of a (possibly singular)
curve on a nonsingular projective surface; the result is Theorem 2.1 which will be used
in the next section.
Let S be a nonsingular projective surface over k, and C  S be an irreducible and
reduced curve. Denote the arithmetic genus of C by pa(C).
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Theorem 2.1. Let C be as above. Suppose that pa(C)  2. Then every nite abelian
automorphism group GAut(C) with order prime to p has order
#G  8pa(C) + 4:
Proof. Let !C be the dualizating sheaf of C. Then !C = !S ⊗ OS(C)jC is invertible,
where !S the dualizating sheaf of S. Denote H 0(C; !⊗nC ) by Hn. Fix G as above.
First we show that H6 is not uniquely decomposable under the natural action of G.
Clearly, we can assume that H3 is uniquely decomposable. Since !⊗3C is very ample (cf.
[7, p. 681], or [5, Proposition 7, p. 59]), by Lemma 1.7, we have that the dimension
of the basic set 3 is larger than one. We note that
hn : =h0(!⊗nC ) = (2n− 1)(pa(C)− 1)
for n  2. By Lemma 1.5, we have
#mid  3(h3 − 1)
= 15(pa(C)− 1)− 3>h6:
By Proposition 1.3, there are more than h6 G-semi-invariants in H6. Consequently,
there are two linearly independent G-semi-invariants s1; s2 in H6 corresponding to a
same character.
Let H6 be the two-dimensional linear space generated by s1; s2. Then we have
a natural rational map f :C ! P(_) ’ P1. Clearly G induces a trivial action on
P(_). So for any closed point P 2 C, such that f is well dened at every point of
o(P), the orbit of P under the action of G, we have that o(P)f(f(P)) as a set.
Since #G is prime to p, we have that C ! C=G is separable, and consequently for a
general closed point P 2 C, we have
#G = #o(P)  degf:
Hence we have
#G  deg !⊗6C = 12(pa(C)− 1):
Now we get the result if pa(C) = 2.
When pa(C)  3, we have that !⊗2C is very ample (cf. [5, Proposition 7, p. 59]).
Now the similar argument as above shows that H4 is not uniquely decomposable, and
consequently
#G  deg!⊗4C = 8(pa(C)− 1):
This completes the proof of the theorem.
3. Proof of Theorem A
Now we x S; G as in Theorem A. Denote H 0(S; nKS) by Hn.
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Lemma 3.1. Let n be a basic set in Pn (cf. Section 1 for the denition). Suppose
that Hn is uniquely decomposable. Then
(i) The length of the longest chain in n is less than 2=(n− 2)#n;
(ii) Suppose that K2S . Then the length of the longest chain in n is less than
1=(n− 2)#n.
Proof. This is a modication of [13, Lemma 4]. Let l be the length of the longest
chain in n. Then there is a pencil  of curves on S such that there is a divisor in
jnKS j containing l times a bre F of . Hence nKS  lF+D for some divisor D  0;
we have lKS  F  nK2S since KS is nef.
We note that KS  F  1. (Otherwise, F is composed of (−2)-curves; this is
impossible.)
By Ekedahl’s Main theorem [6, p. 97], one has
hn:=h0(nKS) = 12n(n− 1)K2S + (OS) for n  3 (2)
and K2S + (OS)  0. Consequently,
#n = hn 

n(n− 1)
2
− 1

K2S >
n− 2
2
 nK2S :
Combining the above inequalities, we get (i).
To prove (ii), by the above inequalities, it is enough to show that KS  F > 1.
Otherwise, by the Hodge’s index theorem, we have (F2)(K2S )  (KS  F)2 = 1. This
forces F2 = 0 since K2S  2; by hypothesis. Then KS  F + F2 = 1; this contradicts the
adjunction formula.
Lemma 3.2. Let n be a basic set in Pn; n  4. Suppose that H2n is uniquely
decomposable and K2S > 20=(n
2 − 3n− 1). Then dimn  3.
Proof. Otherwise, by Lemma 1.5 and (2) we have
#(n)mid  5#n − 10 = 5hn − 10
= h2n + 12(K
2
S + 8(OS)) +
n2 − 3n− 1
2
K2S − 10
>h2n:
The last inequality holds since K2S +8(OS))  0 by [9, Proposition 24] and K2S > 20=
(n2−3n−1) by the assumption. This is contrary to the assumption that H2n is uniquely
decomposable.
Lemma 3.3. H30 is not uniquely decomposable; and if K2S  3 (resp. K2S  7; K2S 
12; K2S  32); then H20 (resp. H16; H14; H12) is not uniquely decomposable.
Proof. We prove that, if K2S  32, then H12 is not uniquely decomposable; for the
other cases, the proof is similar and left to the reader.
Clearly, we can suppose that H6 is uniquely decomposable, for otherwise the state-
ment is trivially true. Let  be a basic set in P6. Since the 6-canonical map is birational
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(cf. [6]), by Lemma 1.7, we have that the dimension of P6 is  3. If dim P6> 3, by
Lemma 3.2, we have that H12 is not uniquely decomposable. Now we can assume that
the dimension of P6 is 3. By Lemma 3.1, (2) and Lemma 1.6 we have
#mid − h12  92#− 37− h12
= 2320K
2
S +
7
20 (K
2
S + 10(OS))− 37
which by the fact K2S +10(OS))  m, where m=K2S mod 10, and 0  m< 10 (cf. [9,
Proposition 24]),
 2320K2S + 720m− 37> 0
provided K2S  32.
By Proposition 1.3, we have that there are more than h12 G-semi-invariants in H12.
Lemma 3.4. Let S; G be as in Theorem A. Fix an integer n. Suppose that jnKS j
contains a pencil  whose general elements are xed under the action of G. Then
#G  maxf4n(n+ 1)K2S + 12; 16nK2S + 12g:
Proof. We consider the following commuative diagram:
where  is the rational map induced by ,  is a succession of blowing-ups with
nonsingular centers such that g:=   is a morphism, and g = h  f is the stein
factorization. Let t = deg h, and F a general bre of f. We note that F may be
singular.
We have (nKS) =fh(pt) + Z , where pt is a general point of P1, and Z is the
xed part of . Multplying this equality by (KS), we easily get t  nK2S .
By the classication of surfaces in characteristic p> 0 (cf. [3]), one has pa(F)  2.
Let Fo = (F). Then nKS is numerical equivalent to tFo + Zo, where Zo is the xed
part of . Since KS is nef and FoZo  0, we have
KSFo + F2o =
nK2S − KSZo
t
+
(nKS)2 − nKSZo − tFoZo
t2
 nK
2
S
t
+
(nKS)2
t2
:
Hence we have
pa(F)− 1pa(Fo)− 1
= KSFo + F2o 
nt + n2
2t2
K2S :
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Let G0 be the stabiliser of F . Then the index of G0 in G is at most t. Since G0 is a
nite abelian automorphism group of F , by Theorem 2.1 we have #G0  8pa(F) + 4.
Consequently, we have
#G  t  #G0  4nt + 4n
2
t
K2S + 12t
 (4n+ 4n2)K2S + 12; (3)
provided t  (n2=3)K2S . Now we can assume that (n2=3)K2S < t  nK2S (this case occurs
only when n< 3). By (3:5) we get #G  16nK2S + 12.
Proof of Theorem A. When K2S  32 (resp. 12  K2S  31), Lemma 3.3 guarantees
that there is a pencil  in j12KS j (resp. j14KS j), each of whose elements is a xed
divisor under the action of G. By Lemma 3.4 we have
#G  624K2S + 12
(resp: #G  840K2S + 12  624K2S + 6708):
When K2S  11, again by Lemmas 3.3 and 3.4, we get #G< 624K2S + 6708.
Remark. The hypothesis that #G is prime to p in Theorem A is essential for technical
reasons. By the proof of [2, Theorem 0.1], one has that there is a polynomial bound
with 3 as the exponent for the abelian p-subgroup of Aut(S)red. Combining this result
with Theorem A, we have that there is a universal constant c0 (independent of p
and S) such that every abelian subgroup GAut(S)red has order #G  c0(K2S )4. For
cyclic subgroups of Aut(S)red, a slight better estimation has been obtained (among
other things) by Szabo (cf. [12, Theorem 2]).
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